Luckiness in Multi-Scale Online Learning
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1. Motivation
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Every week | face the choice

i []
]
2h 4 10 min 2h 4+ 30 min
| want:
e Total travel time < + small learning overhead

By choosing my carrier adaptively (possibly randomised)

e With full information of past service

Without relying on i.i.d. assumption



Why is this importan

e Fundamental problem with strong connections to
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Why is this important/interesting

e Fundamental problem with strong connections to
e (martingale) deviation inequalities
e convex optimisation and duality

e (stochastic) gradient descent

e uncertainty quantification

e bandit problems (partial information)

e reinforcement learning

e game theory (saddle point computation)
e (generic) chaining

e differential privacy

e Boosting

O ooo

e Theory well-developed for single loss scale. (Freund and Schapire,
1997; De Rooij et al., 2014; Koolen, Griinwald, and Van Erven,
2016)

e Similar treatment for multi-scale was lacking.

e Existing algorithm templates too rigid
e No multi-scale Bernstein Inequality
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Supervised Learning Theory

What is Statistical Learning

e Receive batch of i.i.d. labelled examples
e Output predictor for new data (e.g. by ERM)
e Prove risk bound using concentration (PAC, VC dim)

What is Online Learning

e Cancel the i.i.d. assumption (= adversary)

e Algorithm predicts/updates sequentially (e.g. by online gradient
descent)

e Prove regret bound using game theory (minimax)

We say a single algorithm exploits Luckiness if

e Regret bounded (by minimax rate)
e Risk bounded by fast rate if i.i.d. with margin

A learning problem is Multi-Scale if

e range of losses varies wildly between predictions/actions



Philosophical Note

The learner is uncertain about the overall best predictor.
Need to maintain uncertainty. Vague: many implementations.
Online learning provides a crisp framework with a scalar objective.

Hence it informs us about optimal/good/appropriate ways to maintain
uncertainty.

The answer is far from Bayesian (or perhaps profound generalisation)
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2. Theory



Formal Setup

Fix K of actions with known loss ranges o € [0, 00)K
Protocol
fort=1,2,...

e Learner picks probability distribution w; € Ak on actions
o Adversary sets action losses £; € R¥ with [¢/X] < oy

e Learner incurs expected loss w] £;
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Formal Setup

Fix K of actions with known loss ranges o € [0, 00)K
Protocol
fort=1,2,...

e Learner picks probability distribution w; € Ak on actions
o Adversary sets action losses £; € R¥ with [¢/X] < oy

e Learner incurs expected loss w] £;

Definition (Regret)
The regret after T rounds with respect to action k is

T T
Ry = Y wie.—) 1
t=1 t=1

Question
Can Learner keep RX < o4/ T7?



Consider Follow-the-Regularised-Leader (FTRL) template

wy = argmin (w, L; 1) + Dy(w, u)
weNk

with cumulative losses L; = > :_, £5 and multi-scale entropy

Dn(wvu) = Z

P Nk
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Consider Follow-the-Regularised-Leader (FTRL) template

w; = argmin (w, L; 1) + Dy(w,u)
weNk

with cumulative losses L; = > °_, £, and

Dy(w,u) = Z

k

Wkln—fwquuk

Theorem (Bubeck et al., 2019)

K
FTRL with learning rate n, = — A) has regret bounded by

RY < 04y /TIn(KZx).

T min

Matching worst-case regret lower bound.
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Are we there yet?

Luckiness?
What if losses £, #£5, ... turn out to be after all?

Actually, the worst-case lower bound example is of that kind.

Luckiness with Margin?
Losses sampled £; ~ P, where mean loss vector pu = E[£] exhibits
positive gap A = po) — 1) > 0

Still no cigar. Q(\/T) regret.

Strong Contrast

For there is a algorithm with

e Worst-case regret v/ T In K (matching lower bound)
e Stochastic+gap regret O(1/A), a constant(!)
e Interpolates spectrum by data-dependent v/ V7 In K bound.
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Main Result

Muscada Algorithm

wy = argmin (w,L; 1+ pe—1) + Dy, (w,u)
weENk

where iy = ogy/veIn(K2Z)

T min

t
varg, (£s) : ~ k
Ve = 42#0_23 with WE oc whnk

1 [In(KZE) N idu{f

nk - T min
t Ok Vi O'i de

Theorem (Main Result)
Muscada guarantees R% < 2%

e Sharpens bound of Bubeck et al. 2019 as v; < t.

e Iniid. setting with gap A, expected regret is constant
2
E[uk] < S
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Proof: worst-case regret bound

Rl =3t (ws, £s) — S°L_, ¢X. Define potential function

Recall

b,

Lemma

= (D(Rt - M, nt) = I'TéaAX <w7Rf - l‘l’t> - Dﬂt(w7 U)
w K

Muscada (w1 = argmax...) ensures 0 = &g > &3 > .. ..

Proof.

¢, <

O(R: — pt,Mm1-1)
¢(Rt — Mt—1 — %7715—10'2AVt777t—1)
O(Ri—1 + (we, pr) — pe—1,Mt—1)

max (w, Ri—1 — pe—1) — Dy, (w, u)
weNk

(we, Re 1 — pe—1) — Dmfl(wta u)

max (w, Ry—1 — pe—1) — Dy, (w, u)
weENK

¢(Rt—1 —uf-1,m-1) = &,

n — Dy, decr.
by def. of .
by def. of Av;
by def. of ®

by def. of w;

since w; € Ak

by def. of &, ®,.
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Proof: worst-case regret bound, ctd

Lemma

The regret compared to expert k is R < 204 /v, In(K-2<).

T min

Proof.
We have 0 > &7 = max (w, Ry — pu7) — Dy, (w, ).

wENK
2 <€k,RT — IJ'T> - DTIT(ekvu)

Unpacking the divergence, we get

—Inuk—l u;
RI7(' < M§—+D7]T(ek7u) = /,Ll;——l—ik—‘,—Z%

T J T
—Inuy — oiuj
= (Tk‘/Vt“'l( +Uk\/7t — #
\/ (Tmm |n(K”min)

We pick uj = % . ”;ji” to get RX < /v, (2ak In(K-2) + amin) O



Proof: luckiness

Now assume losses are i.i.d. €; ~ P with w(2) — (1) > A>0.

Lemma (Massart/Bernstein consequence of gap assumption)

Under the gap condition, there is a constant ky such that

Ep[Avy] < kmEp[w] g, — 057],

Lemma

The pseudo-regret compared to the best expert k* = argmin, E[¢X] is

Proof.
So then

E[RF] < Elok-vVr--1 < ok vEIvrl... < ok \/kuE[RF]. ...

O
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Saddle Point Computation

Now suppose | am paranoid about travel time.

What is the saddle point? (Hint: it is pure)

Multi-scale: % and é? of scale 90 while @’ and ﬁ- of scale 10.
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In General

Problem

Given (large) payoff matrix M. Compute an e-equilibrium (p, q):

mjaxpTMej - miin elMg < e

Popular approach (Freund and Schapire, 1999)

Run online learners p; and q; on loss vectors Mq; and —MTp;.

Question
Does multi-scale knowledge help?

Yes, sub-optimality gap improves from O'max/ﬁ to Usadd|e_poim/ﬁ.
With (Rakhlin and Sridharan, 2013), empirically osaddie-point/ T -



Thanks!
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